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MINIMAL MODELS OF L∗
YING ZONG
Let the projective line over Spec(Z) be P and let it be pinched with
the coordinate sections T = 0,∞ identified; call c : C → Spec(Z)
the resulting nodal curve over Spec(Z). One makes explicit via the
normalization P → C the dualizing module H−1c!O; it has as OC-
basis the logarithmic differential dP/Z(T )/T which is of residue 1 and
−1 along T = 0 and T = ∞ respectively. And one calculates the
group H1(C,Z) of isomorphism classes of Z-torsors, in the sense of
e´tale topology, on C; it is infinite cyclic with generator C∞ represented
by an unending chain of projective lines, any two lines in succession
glued along the section ∞ on the first and along the section 0 on the
latter. The multiplicative group Gm acts canonically, compatibly on
C and C∞. If A is an algebraic space, L an invertible module on A,
L∗ the sheaf of regular sections of L which is a Gm-torsor for the e´tale
topology of A, the following A-compactification of L∗ × Z/nZ,
CnL = L
∗
Gm
∧ C∞/nZ
where n is an integer ≥ 1, whose every fiber over A is a n-cycle of
projective lines if n > 1, will be considered and modified when A is an
abelian algebraic space over an algebraic space S and L is S-fiberwise
numerically trivial so that, if furthermore L is trivial along the zero
section of A, L∗ has by the theorem of square a structure of an S-
extension of A by Gm.
Theorem. — Let n, d be integers ≥ 1, S an algebraic space, A an S-
abelian algebraic space, L an S-fiberwise numerically trivial invertible
module on A, f : X → S a proper flat finitely presented S-algebraic
space such that f−1(s) is connected purely of dimension d with O[d] ≃
(f ×S s)
!k(s) in D(f−1(s),O) for every geometric point s of S and ϕ
a pseudo-S-isomorphism of X to L∗ × Z/nZ that is defined and e´tale
at every point of X where f is smooth.
Then ϕ−1 is everywhere defined and an open immersion. The geo-
metric number of connected components of f−1(s)− Im(ϕ−1s ), s ∈ S, is
n or n + 1 and locally constant on S[1/2].
Proof. a) Assume first n = 1 and that S is the spectrum of an alge-
braically closed field k.
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Notice that X is Cohen-Macaulay. The existence of the pseudo-k-
isomorphism ϕ implies that X is reduced and that A is of dimension
d− 1.
If U consists of all those points of X where X is normal, ϕ|U , defined
and e´tale at all codimension ≤ 1 points of U , is defined on all of U ([1]
4.4/1) and e´tale ([3] 2.4) and induces an open immersion of U into L∗
by Zariski’s Main Theorem. One identifies U with its image in L∗ by
ϕ.
Let ρ : X ′ → X be the normalization of X and let U be via ρ
identified with ρ−1(U). Write I = H0ρ!O for the conductor of X ′/X ,
ideal inOX′ and in OX , which defines the preferred closed sub-algebraic
space structure of Z ′ = X ′ − U (resp. Z = X − U) in X ′ (resp. X).
As I ≃ H−d(fρ)!k, I is dualizing at precisely those points of X ′ where
X ′ is Cohen-Macaulay.
The pseudo-k-morphism of X ′ to A, composition of ρ, of ϕ and of
the projection L∗ → A, is everywhere defined ([1] 4.4/1). Its fiber X ′t
over the generic point t of A is a projective t-line on which Z ′t is an
anti-canonical divisor, so the open immersion Ut →֒ L
∗
t ≃ Gmt is an
isomorphism and Z ′t consists of two distinct t-rational points.
Write ϕ′ for the pseudo-k-isomorphism of X ′ to
PL = L
∗
Gm
∧ P
induced by ϕ, where P is the projective line. Let D′ consist of all
those points of X ′ where X ′ is k-smooth and ϕ′ is defined. One has
codim(X ′ −D′, X ′) ≥ 2.
Let π : C1L → Spec(k) be the structural morphism, J the conductor
of PL/C1L; V (J) in PL consists of the two disjoint A-sections 0,∞.
The two t-points of Z ′t are (ϕ
′
t)
−1(0), (ϕ′t)
−1(∞) whose closed images
in X ′ will be denoted by Σ′0 and Σ
′
∞ respectively.
Note that a basis of H−dπ!k can be identified as a non-zero global
d-form relative to Spec(k) on PL with simple poles along V (J). Such
a d-form λ has as residue along the A-section i = 0,∞ a volume form
Resi(λ) ∈ Γ(A,Ω
d−1
A/k), and Res0(λ) + Res∞(λ) = 0.
Choose a basis for H−df !k and for H−dπ!k so that
I|D′ ≃ (ϕ′|D′)!J
by the duality formalism. This isomorphism in terms of 1-codimensional
cycles amounts to a linear equivalence
−Z ′|D′ ∼ −Σ′0|D
′ − Σ′∞|D
′ + E ′
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where E ′ is ϕ′-exceptional and as one verifies from [3] 4.5 is ≥ 0; the
positive cycle
Z ′|D′ − Σ′0|D
′ − Σ′∞|D
′ + E ′
is in fact 0, since Γ(D′,O) = Γ(X ′,O) = k. So
Z ′|D′ = (Σ′0 + Σ
′
∞)|D
′.
And so the open sub-algebraic space X−ρ(Σ′0∪Σ
′
∞) of X , normal at
all codimension ≤ 1 points and Cohen-Macaulay, is normal. It follows
that Z ′ and Σ′0 ∪ Σ
′
∞ have the same support, that ϕ
′ is e´tale at every
point of X ′ where it is defined ([3] 2.4) and that D′ is the domain of
definition of ϕ′. Let D′ be identified through the open immersion ϕ′|D′
as an open sub-scheme of PL so that J |D
′ = I|D′.
For each codimension ≤ 1 point t′ of A, D′t′ is schematically dense
in X ′t′ . The fiber X
′
t′ is hence geometrically integral and, being a flat
specialization of X ′t, is a projective t
′-line itself. Thus, above t′, the
open immersion U →֒ L∗ is an isomorphism and the relative anti-
canonical divisor Z ′ consists of two disjoint A-sections. So D′ ⊃ X ′t′ ,
the image of PL −D
′ in A has codimension ≥ 2.
We show now that X ′ is regular at all its codimension ≤ 2 points.
Assume this is false at x′, which could only be a point in Z ′, of codi-
mension 2 in X ′, with image a of codimension > 1 in A. Let Γ (resp.
Γ) be the graph of ϕ′ (resp. the closed image of Γ in X ′ ×A PL). Let
γ : Γ˜→ Γ be a proper morphism from a normal integral scheme Γ˜ such
that γ is an isomorphism over D′ ⊂ X ′ and that Γ˜ is regular above
x′; such γ exists as excellent 2-dimensional singularities are resolvable.
Call h (resp. ψ) the composition Γ˜ → Γ → X ′ (resp. Γ˜ → Γ → PL).
The ideal I being dualizing at x′, let ψ!J and h!I be along h−1(x′) iden-
tified via the unique isomorphism that is compatible with J |D′ = I|D′.
Each maximal point v of h−1(x′) is of codimension 1 in Γ˜ and, as a is
of codimension > 1 in A, is ψ-exceptional, hence (ψ!J)v = Ov(rvv) for
an integer rv ≥ 0 (cf. [3] 4.5), and
IOv ⊂ Ov(−v) ⊂ Ov(rvv) = (ψ
!J)v = (h
!I)v
so X ′ presents at worst rational singularity at x′ and this rational
singularity is of multiplicity 1.
Let V ′ consist of all those points of X ′ where X ′ is k-smooth. Fix
a basis λ of J−1ΩdPL/k. The invertible module (I|V
′)−1ΩdV ′/k of d-forms
relative to Spec(k) on V ′ with simple poles along Z ′|V ′ has as basis
λV ′ , the unique extension to V
′ of λ|D′.
Denote by p the composition Z ′|V ′ →֒ V ′ → A, which is e´tale at the
two points of Z ′t and is of local complete intersection. Its fundamental
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class
clp : p
∗Ωd−1A/k → p
!Ωd−1A/k = H
−d+1KZ′|V
′
is an isomorphism, where KZ′ = z
′!k ∈ Ob D(Z ′,O), z′ : Z ′ → Spec(k)
the structural morphism. Indeed, the residue ResZ′|V ′(λV ′) being a
basis of H−d+1KZ′|V
′, if one writes
clp(Res0(λ)) = α ResZ′|V ′(λV ′)
the function α ∈ Γ(Z ′|V ′,O) is 1 (resp. −1) on Σ′0|V
′ (resp. Σ′∞|V
′)
for α|Z ′t is 1 (resp. −1) at the point 0 (resp. ∞).
Naturally, Σ′0 ∩ Σ
′
∞ ∩ V
′ = ∅, if k is of characteristic 6= 2. As clp is
an isomorphism, p is unramified thus (SGA 1 I 9.11) e´tale. So Z ′|V ′
is regular, and Σ′0 ∩ Σ
′
∞ ∩ V
′ = ∅ in all characteristics. Both proper
birational morphisms Σ′i → A, i = 0,∞, are isomorphisms by [3] 2.4
and because all codimension ≤ 1 points of Σ′i belong to V
′.
Consider henceforth Σ′i, i = 0,∞, as A-sections of X
′. The projec-
tion X ′ → A is equidimensional with U fiberwise dense in X ′.
Recall that the closed image in X ′×APL of the graph of ϕ
′ is denoted
by Γ. Let Γo consist of all those points of Γ where p2|Γ is e´tale. By
Zariski’s Main Theorem, p2|Γ
o is an open immersion. And by [2] (1)
2 (ii), Γo is a neighborhood of the A-sections Σ′i ×A i, i = 0,∞. So
(ϕ′)−1 = p1 ◦ (p2|Γ
o)−1 is defined in a neighborhood of V (J). At each
point of V (J), (ϕ′)−1 is evidently A-fiberwise quasi-finite, hence quasi-
finite, hence e´tale by Zariski’s Main Theorem. Now X ′ → A is smooth
whose each fiber is a projective line, and Σ′0, Σ
′
∞ are disjoint inX
′ = V ′.
So (ϕ′)−1 is everywhere defined and an isomorphism. One identifies X ′
with PL by ϕ
′ so that I = J , Z ′ = V (J), U = L∗.
Write DX for the duality auto-functor of D
b
Coh(X,O) with respect
to its dualizing object OX ≃ H
−df !k. Then DX(OX′) = I, thus
DX(OX′/OX) = OZ [−1], and by biduality DX(OZ) = (OX′/OX)[−1].
So Z is Cohen-Macaulay and (OX′/OX)[d − 1] ≃ z
!k in D(Z,O), z
denoting the structural morphism Z → Spec(k).
AsOZ ⊂ OZ′, Z is reduced, its dualizing moduleOX′/OX = OZ′/OZ
is invertible at every maximal point. So, either Z is integral with each
Σ′i → Z birational, or it has two irreducible components ρ(Σ
′
i) with
each extension k(i)/k(ζi) quadratic, where ζi is the generic point of
ρ(Σ′i), i = 0,∞.
Observe that Z is normal. In fact, if Z˜ denotes the normalization of
Z, OZ˜/OZ , which is a sub-OZ-module of the Cohen-Macaulay module
OZ′/OZ and has support everywhere of codimension ≥ 1 in Z, is 0.
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When Z is integral, both finite birational morphisms Σ′i → Z are
isomorphisms, Z being normal, hence ρ factors through PL → C1L and
C1L/X has conductor O, that is, C1L = X .
Consider that Z has two irreducible components. Choose i ∈ {0,∞},
put Σ = ρ(Σ′i), identify Σ
′
i with A, fix a volume form µ ∈ Γ(A,Ω
d−1
A/k),
and let K = OA/OΣ.
If k(i)/k(ζi) is inseparable, thus k of characteristic 2, the inclusion
k(i)2 ⊂ k(ζi) ⊂ k(i) corresponds ([1] 4.4/1) to a factorization
F : A
ρ
−→ Σ
ε
−→ A′
of the Frobenius of A/k, A′ the base change of A by the Frobenius
Fk : Spec(k)→ Spec(k), F
∗
k : a 7→ a
2, where the proper morphism ε is
finite for F is finite and ρ surjective; it is also flat (EGA O 17.3.5) for
A′ is k-smooth and Σ Cohen-Macaulay. The module K, dualizing on
Σ, is locally free over OA′ . From
0→ OΣ → OA → K → 0
it follows by duality that
OΣ ≃ Ker trρ : Ω
d−1
A/k → K
So trρ(µ) = 0, and trF (µ) = C(µ) = 0, C the Cartier operation. In
particular, if d = 2, the module K = BΩ1A/k of locally exact forms
admits a basis, A is a supersingular k-elliptic curve, and Σ = A′.
If k(i)/k(ζi) is separable, call σ the generator of Gal(k(i)/k(ζi)) and
view it as a pseudo-k-automorphism of Σ′i ≃ A. By [1] 4.4/1, σ is a
k-automorphism and Σ the quotient A/σ by the involution.
For k of characteristic 2, σ∗µ = µ, Ωd−1A/k(σ
∗ = 1) = OΣµ, and on OA,
(σ∗ − 1)2 = (σ∗)2 − 1 = 0. If A → Σ is e´tale at every codimension 1
point of A, then K ≃ OΣµ and the inclusion
K = OA/OΣ ≃ Im(σ
∗ − 1) ⊂ Ker(σ∗ − 1) = OΣ
is an isomorphism, thus ρ|A flat, Σ k-smooth, thus ρ|A is e´tale. If σ
has fixed points one may by a translation assume that it is a k-group
automorphism of A. On Aj = Im(1+ jσ), where j = 1,−1, σ = j. The
sum
A1 ×S A−1 → A, a, b 7→ a+ b
is a σ-equivariant isogeny with A−1 of dimension 1, A−1/−1 a projective
k-line, hence Σ is k-smooth and Γ(Σ, K) = 0.
For k of characteristic 6= 2, σ∗µ = −µ. In fact, consider first σ
has fixed points; one may by a translation assume that it is a k-group
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automorphism of A. On Aj = Im(1+ jσ), where j = 1,−1, σ = j, and
the σ-equivariant isogeny
A1 ×S A−1 → A, a, b 7→ a+ b
is e´tale. It amounts to showing that A−1 is of dimension d− odd. The
set of points of A where A→ Σ is not e´tale is of codimension d− in A,
thus if d− ≥ 2, K is identical to the eigen-sub-module Ω
d−1
A/k(σ
∗ = 1) of
Ωd−1A/k. According as σ
∗µ is µ or −µ, Ωd−1A/k(σ
∗ = 1) is OΣµ or OA(σ
∗ =
−1)µ ≃ K with global sections kµ or 0. For d− = 1, A−1/−1 is a
projective k-line, Σ→ Spec(k) smooth and one has the isomorphism
K ≃ Ωd−1Σ/k , x 7→ trρ(xµ)
Next if σ acts freely on A, A → Σ is e´tale, Ωd−1Σ/k = Ω
d−1
A/k(σ
∗ = 1). For
σ∗µ = µ or −µ, Ωd−1A/k(σ
∗ = 1) = OΣµ or OA(σ
∗ = −1)µ ≃ K with
global sections kµ or 0, hence the assertion.
b) Assume n ≥ 1 and that S is the spectrum of an algebraically
closed field k.
As in a) the algebraic space X is Cohen-Macaulay, reduced, the k-
abelian variety A is of dimension d − 1 and if U consists of all those
points of X where X is normal, ϕ|U is an open dense immersion of U
into L∗ × Z/nZ.
Denote by ρ : X ′ → X the normalization of X , let U be identified
via ρ with ρ−1(U) and write I = H0ρ!O for the conductor of X ′/X
by which Z = X − U (resp. Z ′ = X ′ − U) in X (resp. X ′) is given
a closed sub-algebraic space structure. On each connected component
X ′j of X
′, ϕ induces a pseudo-k-isomorphism ϕ′j to PL as well as an
A-algebraic space structure X ′j → A, j ∈ Z/nZ.
One argues again that each ϕ′j is an A-isomorphism and that Z
′∩X ′j
consists of two disjoint A-sections Σ′j0 = (ϕ
′
j)
−1(0),Σ′j∞ = (ϕ
′
j)
−1(∞),
j ∈ Z/nZ and that Z is normal with (OZ′/OZ)[d−1] ≃ z
!k in D(Z,O),
z : Z → Spec(k) the structural morphism.
Above each connected component Σ of Z, either ρ−1(Σ) = Σ′jα is
connected generically of degree 2 over Σ as in a), or ρ−1(Σ) consists
of two connected components Σ′jα,Σ
′
lβ , both birational to Σ, where
j, l ∈ Z/nZ, α, β ∈ {0,∞}.
These Σ′jα are 2n in number and X
′ has n connected components.
So X , connected by hypothesis, is pinched from X ′ by gluing along the
Σ′jα either in a circle in which case X = CnL or in a chain on whose
two ends the restrictions ρ|Σ′10, ρ|Σ
′
n∞ are generically of degree 2. The
dimension of H1(X,O) over k is in the first case d and, in the latter
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and if k is of characteristic 6= 2, < d, as one calculates from the exact
sequence
0→ OX → OX′ → OZ′/OZ → 0
c) For S general, since f is flat of finite presentation, the condition
that f be smooth at a geometric point x of X is equivalent to that
f ×S s be smooth at x, where s = f(x). It follows at once from a)+b)
above that ϕ−1 is everywhere defined and an open immersion. The
geometric number N(s) of connected components of f−1(s)− Im(ϕ−1s ),
which is constructible as a function of s ∈ S with values in {n, n+1}, is
on S[1/2] lower semi-continuous for s 7→ dimk(s)H
1(f−1(s),O) is upper
semi-continuous; note that OS ≃ f∗OX universally. To verify that N
is locally constant on S[1/2], one can assume that S is a spectrum of
discrete valuation ring with closed point s, k(s) algebraically closed of
characteristic 6= 2, N(s) = n, with generic point t; it suffices to see
that N(t) = n. Suppose on the contrary N(t) = n+1 and furthermore
as one may At/σt be a connected component of f
−1(t) − Im(ϕ−1t ), σt
an involution of At satisfying σ
∗
t = −1 on Γ(At,Ω
d−1
A/S). As A is the
S-Ne´ron model of At, a unique involution σ of A extends σt. Let the
closed image of At/σt inX be Σ. Its closed fiber Σs, connected purely of
dimension d−1, is a connected component of f−1(s)−Im(ϕ−1s ). In par-
ticular, (Σs)red is isomorphic to As and does not contain k(s)-rational
curves. The projection At → Σt extends to an S-morphism A→ Σ ([3]
2.1) which is proper hence surjective hence finite for As → (Σs)red ≃ As
being surjective is up to a translation an isogeny. Thus the normaliza-
tion of Σ is A/σ, and (A/σ)s = As/σs, for k(s) is of characteristic 6= 2.
By the factorization As → As/σs → (Σs)red, Im(σs − 1) is contained
in a translate of a finite k(s)-subgroup of As. Therefore, σs hence σ as
well, AutS(A) being S-unramified, is a translation, but then σ
∗
t = 1 on
Γ(At,Ω
d−1
A/S), a contradiction.
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